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A stochastic approach to describe the crystal size distribution dynamics in antisol-
vent based crystal growth processes is here introduced. Fluctuations in the process
dynamics are taken into account by embedding a deterministic model into a Fokker-
Planck equation, which describes the evolution in time of the particle size distribution.
The deterministic model used in this application is based on the logistic model, which
shows to be adequate to suit the dynamics characteristic of the growth process. Vali-
dations against experimental data are presented for the NaCl–water–ethanol antisol-
vent crystallization system in a bench-scale fed-batch crystallization unit. VVC 2009
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Introduction

In crystallization processes, a tight control of the Mean
Crystal Size, MCS, and the Crystal Size Distribution, CSD,
are commonly required. A great deal of effort for under-
standing the main factors that affect the MCS and the CSD
has been reported in the literature.1–6 Traditionally, mathe-
matical modeling of particulate systems (e.g., crystallization)
is based-on Structured Population Balances (SPB)7–10 taking
into account the effect of formation, growth, and coagulation
of the CSD. However, detailed structured population models

demand a comprehensive knowledge of the thermodynamic
properties of all the components involved in the system
under consideration. In addition, SPB modeling might result
in dynamic models largely complex, which cannot be easily
used, for instance, in model-based process control design or
its real-time implementation.

These considerations motivated the development of alter-
native (e.g., phenomenological) models that should give a
reasonable description of the crystallization process, by
retaining the core feature of the process, while allowing their
use in on-line application.

During the last years, there has been an increasing interest
to describe population dynamics using the Fokker-Planck
equation (FPE) that can be regarded as the continuous ver-
sion of Langevin type SDEs.11 The use of the FPE approach
could be found, for example, to describe the growth of
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tumor cells,12,13 biological populations,14–16 and of monomer
particles.17 In this approach, the time evolution of each ele-
ment of the population is regarded as a possible outcome of
a random variable driven by a deterministic term (the coun-
terpart of the convective term of the SPBs). Indeed, each
element of the population does not behave in the same man-
ner and some dispersion, for example in size, of the popula-
tion is always observed. This random variable will be thus
characterized uniquely by its probability density function
(PDF) whose evolution in time can be described in terms of
the FPE. Within this context, the FPE could be considered
as an alternative ‘‘structured’’ way to develop a population
balance, taking into account the natural fluctuations present
in the population in any biological system, and allowing
describing, in a compact form, the population dynamics.

The population balance, PB, and the FPE approaches aim
to describe the evolution of a population, but while the first
is based on mechanistic (population balance) models the lat-
ter is based on phenomenological (deterministic) models
coupled with the FPE. Thus, the latter does not aim to
describe the underlying physical mechanisms associated with
the crystallization process, as it is in our case, but just how
the population of the crystal is evolving in time. To describe
this evolution, one needs to describe the possible behavior of
a single crystal (the FPE will describe the evolution of the
population), and this was obtained by inspecting the evolu-
tion of the mean value of the CSD, allowing the selection of
the appropriate deterministic model.

Another important difference regards the simplicity of the
approaches. In the FPE approach, we need only to under-
stand the global behavior of the process without having a
deep chemo-physical knowledge, whereas the PB approach
will require the formulation and estimation of the corre-
sponding parameters of the particular kinetics mechanism
involved in the crystallization process. One may argue then
that a drawback, in using a phenomenological model will
prevent the portability of FPE approach since the determinis-
tic model parameters are tailored for the system under con-
sideration. However, even the PB approach will require
adjusting the parameters for the different kinetics mecha-
nisms incorporated into the model as well as for the solubil-
ity model. From a computational point of view the FPE
approach offers an advantage over the PB approach because
the model obtained is a linear PDE, while in the PB is a set
of (generally) nonlinear PDE.

In a previous work (Galan et al., submitted for publica-
tion), we exploit the Fokker-Plank approach to predict the
mean crystal size and to develop optimal and robust trajecto-
ries for antisolvent addition, here the approach will be
extended to predict the whole particle size distribution. Con-
sequently, in this work, we propose a FPE approach, for the
description of the crystal growth process, in term of the crys-
tal size distribution (CSD), in a bench-scale fed-batch crys-
tallization unit where antisolvent is added to speed-up the
crystal formation process. The crystal growth is modeled as
a stochastic process, driven by a classic logistic equation,
coupled with a geometric Brownian motion. The resulting
model is a FPE, describing the evolution, in time, of the
CSD. Furthermore, the formulation of a global model to
incorporate the effect of antisolvent is discussed and simula-
tions under different antisolvent feeding strategies are pro-

vided. The experimental validation of the global model is
presented for the previously simulated operational scenarios.

This article is organized as follows. In the next section,
we discuss the features of the deterministic model here
adopted and introduce its expansion in the probabilistic
framework. The estimation problem associated with the CSD
in an antisolvent aided crystallization process is carried out.
The use of the FPE s to model the growth of the crystal and
its numerical integration are discussed. Subsequently, the
validation results of the FPE approach for the NaCl–water–
ethanol antisolvent crystallization system are presented. The
approach for estimating the associated parameters and com-
parison of the model predictions against experimental data
under different antisolvent feeding conditions are provided.
Also, in this section, the formulation of a global model to
incorporate the effect of antisolvent is discussed and experi-
mental validations, under different antisolvent feeding strat-
egies, are provided. Finally, the concluding remarks and the
perspective of further work are given.

Mathematical Model

Logistic FPEs

The development of ‘‘rigorous’’ mathematical models
describing the dynamics of crystal growth in crystallization
processes is typically based-on population balances. The idea
of population balances has been widely used in theoretical
ecology and extended to the modeling of particulate systems
in chemical engineering. The population balances can be ei-
ther structured or unstructured models.

At the core of the structured population dynamics, the
number of crystals in a fed-batch crystallizer is increased by
nucleation and decreased by dissolution or breakage. SPB
models provide detailed information regarding the CSD in
the crystallization unit. However, they demand a great deal
of knowledge on the complex thermodynamic associated
with the solute and solvent properties to be adequately incor-
porated in the population balances. Some important contribu-
tions in this subject have been reported in the literature.2,10

Furthermore, experimental evidence shows that, for exam-
ple in the case of antisolvent crystallization, the addition of
antisolvent do not only change the properties of the solution
(e.g. super-saturation), but also lead to changes in the growth
habits of the crystals. Thus, surface morphology is connected
with growth mechanisms. That is, during the nucleation and
growth of crystals, different types of interactions are involved
between growth species (molecules or ions) and the growing
surface. These interactions include van der Waals forces, ionic
and hydrogen bonds. Therefore, the study of the growth
kinetics and surface morphology separately may explain only
part of the observed crystal growth behavior.18–21

Clearly understanding and modeling the complex interac-
tions, during crystallization, at microscopic scale is rather
complex. Therefore, in this work, we rather seek to explain
the observed macroscopic behavior in a simplified manner.
In this context, crystallization can be visualized as a self-
organizing and complex process that is subjected to appa-
rently disordered and erratic phenomena such as turbulence
at micro-scale mixing and temperature fluctuations. These
fluctuations in turn, affect the crystal growth habits and its
morphology. Consequently, in our formulation, in an effort
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to explain the observed macroscopic behavior of crystal
growth in an antisolved aided crystallization, we make use
of the FPE approach. The approaches based on the FPE are
superior to other approaches based on Langevin equations or
Monte Carlo simulations, as the solution of the FPE results
in the ensemble of all the possible solutions of a stochastic
differential equation.11

In our model formulation and following the discussion
above, we introduce a simple unstructured population model,
where the crystals are classified by their size, L. The growth
of each individual crystal is supposed to be independent by
the other crystals and is governed by the same deterministic
model. To take into account the growth fluctuations and the
unknown dynamics not captured by the deterministic term, a
random component can be introduced.22 This random com-
ponent can be thought as a geometric Brownian motion23

(GBM), where the intensity of the fluctuations depends line-
arly by the crystal size. The stochastic model can thus be
written as a Langevin equation of the following type:

_L ¼ hðL; t; uÞLþ LgðtÞ; 8L > 0 (1)

In Eq. 1, h(L,t,u) is the expected rate of growth of L (the
deterministic model introduced below), L is the size of the
single crystal, t is the time, u is an external input (in the pres-
ent case the antisolvent feed rate), and the function g(t) is a
random term assumed as Gaussian additive white noise, i.e.,

E½gðtÞ� ¼ 0

E½gðtÞgðtþ sÞ� ¼ 2DðuÞdðsÞ (2)

where D(u) is the additive noise intensity, that may depend on
the operating conditions u.

Equation 1 implies that the crystal size L behaves as a
random variable, characterized by a certain PDF p(L,t) such
that

dNðL; tÞ
N

¼ pðL; tÞdL;
Z

pðL; tÞdL ¼ 1

where, dN/N is the relative ratio of crystals in the population
having a given dimension between L and L þ dL. From a
practical point of view, the PDF will coincide with the
normalized particle size distribution experimentally observed.
Obviously, the PDF p(L,t) will depend on the state variables of
the system, i.e., the size L and time t.

It should also be noted that, when the GBM assumption
holds, the PDF is a log-normal distribution in the limit case
of constant h24,25 for any D value. When h also depends on
L, some (minor) distortions from the ideal log-normal case
are however expected. This feature is qualitatively observed
for many (although not all) crystalline substances26 and also
in the present case as it will be shown later. Thus, Eq. 1 can
be further manipulated:

1

L

dL

dt
¼ d ln L

dt
¼ hðL; tÞ þ gðtÞ ) dy

dt
¼ gðy; tÞ þ gðtÞ (3)

and a new random variable y ¼ f(L) ¼ ln L is introduced. The
variable y can be described in terms of its PDF, w(y,t), at any

instant of time t and should follow the Fokker-Planck equation
(FPE):

@twþ @y½gðy; tÞw� � D@yyw ¼ 0 (4)

Equation 4 contains two conceptually different terms: the
drift term, qy[g(y,t)w], takes into account the deterministic
contribution on the growth process (roughly speaking, the dy-
namics of the population average). Conversely, the diffusive
term, D qyyw, determines the random motion of the variable y
related to fluctuations in the particle growth process.27,28

Regarding the deterministic part of the model, our purpose
is to choose a model as simple as possible, with a parsimoni-
ous number of adjustable parameters. To this end, the Logis-
tic equation is possibly the best-known simple sigmoidal as-
ymptotic function used to describe the time dependence of
growth processes in an unstructured fashion,15,29 i.e.,

gðy; hÞ ¼ r y 1� y

K

� �h i
(5)

In Equation 5, y is the exponential of the size of the single
crystal, the crystal growth rate r and the equilibrium mean
crystal size K are considered constant for each experimental
condition and they are supposed to depend only on the anti-
solvent flow rate. The present growth model can be regarded
as the simplest model taking into account mild nonlinear-
ities. In spite of this simplicity, this model provides the main
qualitative features of a typical growth process: the growth
follows a linear law at low crystal size values and saturates
at a higher equilibrium value.

Using the selected growth model, the FPE can be rewrit-
ten as:

@twþ @y r y 1� y

K

� �
w

� �
� D@yyw ¼ 0 (6)

along with the boundary conditions:

� gðyÞwþ D@yw ¼ 0 at y ¼ 0; 8t (7)

@yw ¼ 0 as y ! 1; 8t (8)

The reflecting boundary condition in Eq. 7 ensures that
the elements of the population will never assume negative
values, whereas Eq. 8 ensures the decay condition on w(y,t)
as y goes to infinity, for any time.13,14

Finally, the evolution in time of the probability density is
described in terms of a linear, partial differential equation
depending on the parameters r (linear growth rate), K (equi-
librium mean crystal size) and D (diffusivity), that are
assumed to depend on the feeding conditions u. Indeed, the
antisolvent feed rate is supposed to affect the crystallization
kinetics and the parameters appearing in the model can be
finally related to these operating conditions, as we will see
later when defining a global model structure.

Numerical integration of the FPE

Numerical integration of the Fokker Planck equation is a
demanding task due to the following reasons: first, the solu-
tion (i.e., the distribution w(y,t)) must be positive and its
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integral over its domain must be unitary; in addition, the do-
main of the PDF is infinite and this implies that any numeri-
cal method has to assume a large enough domain, such that
the domain of the PDF can be assumed to be contained in it
for all practical purposes. The numerical solution of Eq. 6,
with the boundary conditions (Eqs. 7 and 8), is obtained by
using orthogonal collocation method on finite elements.30,31

In spite of its simplicity the model, Eq 6, shows some inter-
esting features of a stochastic process. One example of possi-
ble dynamics of the model is reported in Figures 1 and 2, with
parameter values: K ¼ 5.0, r ¼ 5 � 10�3 min�1, D ¼ 5 �
10�4 min�2, and with a log-normal distribution with mean l0
¼ 4.0 and standard deviation r0 ¼ 0.5, as initial condition.
For sake of clarity, the probability density is hereafter
reported in the decimal logarithmic scale although it has been
computed in the natural logarithmic one. In more detail, Fig-
ure 1 reports the iso-level curves for the distribution function
w(y,t) in the y-t plane. It appears that the time evolution of the
density has not a trivial behavior: the maximum of the distri-
bution function tends to monotonically increase toward its
steady state value, according to the deterministic contribution
of the Fokker Planck. On the other hand the distribution tends
to spread at intermediate values of time, before shrinking
back to its steady state condition. This peculiarity is evi-
denced in Figure 2, where some snapshots of the distribution
are reported at different times. It appears that, at intermediate
time values, the diffusivity in the model tends to spread the
distribution function, then, as time increases the deterministic
drift term allows a narrowing of dispersity during growth.
This example shows how the competition between diffusive
and deterministic drift term can, in principle, allow the
description of non trivial behavior.

Parameter Estimation and Model Validation

Experimental data analysis

The NaCl-Water-Ethanol system is used in this study as
antisolvent crystallization system. A detailed description of
the experimental set-up and the experimental procedures
were reported elsewhere.5,10 Here, suffice to say that, in all
experiments, purified water by a Milli-Q system was used.
The purities of sodium chloride (NaCl) salt (Merck) and
ethanol (Merck) used in the experiments were 99.5% and
99.9%, respectively. Ethanol was added to the aqueous NaCl
solution using a calibrated digital dosing pump (Grundfos,

Denmark). Temperature was controlled, at 25�C for all
experiments, using a Pt100 thermocouple connected to heat-
ing/cooling circulator (Lauda, Germany). Infrequent samples
were removed iso-kinetically from the crystallizer for parti-
cle size and density measurements and in particular the parti-
cle size was measured using Mastersizer 2000 particle size
analyzer (Malvern Instruments, U.K.).

The same experimental results as reported before5,10 will
be used, where three different antisolvent (ethanol) feeding
conditions, at a feed-rates of 0.83, 1.65, and 3.2 mL/min,
were performed. Hereafter, we will refer to them as low
(LFR), medium (MFR) and high flow-rate (HFR) conditions,
respectively. The first acquisition time, labeled as t0, for
each run will be considered as the initial condition used for
the FP model calibration, and the second and the final times
are labeled, respectively with t1 and tf.

Figure 3a shows a typical CSD observed experimentally, in
particular, the distribution observed for the MFR condition at
t ¼ 26.5 min. Nevertheless, this scenario is qualitatively simi-
lar for all the experimental observations. It clearly appears
that the CSD shows a bimodal shape: at high sizes the distri-
bution of the crystals follows a symmetric bell shaped curve
when analyzed in the logarithmic scale, whereas a significant
tail is observed at lower sizes. The presence of a low size tail
is mainly due to secondary nucleation phenomena which lead
to a not negligible ratio of crystals still nucleating even after
the principal nucleation has been terminated. On the other
hand, the main part of the distribution is close to a normal
law. This aspect is more evident (see Figure 3b), when the
corresponding cumulative distribution function (CDF) is
reported in the normal probability scale (solid line). One
should remind that, if the CDF was a normal distribution, this
kind of plot would appear as linear, whereas other distribution
types will introduce some curvature.

For this case, a deviation from the ideal linear case is
observed only in the region of very small crystals, and then
it may be concluded that the basic shape of the particle size
distribution reminds a Gaussian distribution when analyzed
in the logarithmic scale, and thus, it will be similar to a log-
normal one when observed in the linear scale. This scenario
is compatible with a decaying nucleation rate accompanied
by a surface controlled growth,24,32 and confirms that the
GBM assumption is a reasonable choice for the present ex-
perimental scenario.

Figure 1. Numerical integration of the model. Iso-level
surface of the PDF in the L-t plane.

Figure 2. Numerical integration of the model. Snap-
shots of the probability density function at t
5 0.1 min (solid line), t 5 300 min (dashed
line), t 5 1000 min (dashed-dotted line).
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The tails at low size values come from secondary nuclea-
tion, whose mechanism is not described by the current model,
and for this reason, this part of the experimental CSD will be
neglected in the current analysis. Therefore, the data will be
filtered by removing the points at low size values, with a
shape-preserving piecewise cubic interpolation. For sake of
completeness, the adjusted Cumulative Distribution obtained
by removing the low crystal size tail (dashed line), is also
reported in the Figure 3b, where it is possible noticing a quali-
tative agreement with the Gaussian ideal case.

Parameter estimation/validation

As previously discussed, the parameters, h of the model
(i.e. the velocity growth rate, r, the saturation value K, and
the diffusion, D) are assumed to depend on the antisolvent
feeding rate u. As a consequence the model calibration is
carried out separately for every run. To reduce the correla-
tion between parameters, nonlinear parameter inference has
been accomplished by considering the logarithm of D, thus,
the parameters to be estimated are:

h ¼ f� logðDÞ; r;Kg (9)

Direct measurements of the particle size distribution are
available at n different spatial locations and at m different
time values for every operating condition (i.e., antisolvent
flow rate). The set of parameters h is estimated by using the
least square criterion, thus searching the minimum of the
objective function:

VðhÞ ¼
Xm
i¼1

Xn
j¼1

½wðyj; ti; hÞ � w�ðyj; tiÞ�2 (10)

In Eq. 10, w(yj,ti) is the PDF evaluated through numerical
integration of Eq. 6, at time ti and size coordinate yj, while

the distribution w*(yj,ti) is the experimental observation of
the PSD for the size coordinate yj at time ti.

The model calibration is thus carried out by comparing
n observation points of the distribution (where n � 40),
monitored at m different times (m between 6 and 10,
depending on the experimental run). The number of points
used for the parameter inference for each run is thus
equal to m�n. The minimization of the objective function
in Eq. 10 is carried out using the Levenberg-Marquardt
method.

In our validation approach, a supplementary run at inter-
mediate feeding rate was used for a-posteriori model valida-
tion. The parameter estimation values together with an esti-
mation of the mean square error are given in Table 1 for the
experimental runs. For sake of completeness the m value for
every run is also reported.

The mean square error (s2) is here defined as:

S2 ¼
P

m
i¼1

P
n
j¼1½wðyj; ti; hÞ � w�ðyj; tiÞ�2

ðm � nÞ (11)

Equation 11 provides a Maximum Likelihood estimator
for the variance. As the number of experimental points is
much larger than the number of parameters (m�n [[ 3), the
bias introduced in the estimation is negligible.

Table 1. Point Estimation of the Parameters for the
Three Runs

Operating condition m �log(D) r�102 K S2�104

LFR 10 2.402 1.788 4.8779 7.96
MFR 7 2.391 1.800 4.8640 2.84
HFR 6 1.702 8.475 4.6781 4.09

Figure 3. (a) Experimental particle size distribution at time t 5 26.5 min (MFR condition); (b) Experimental crystal
size (logarithmic scale), the corresponding adjusted Cumulative Distribution obtained by removing the
low crystal size tail (dashed line), ideal Gaussian distribution is represented by the dotted line.
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The comparison between experiments and model is also
carried out by reporting the time evolution of the main
moments of the distribution p(L,t), i.e. the mean

lLðtÞ ¼
Z1

0þ

LpðL; tÞdL (12)

and the variance

r2LðtÞ ¼
Z1

0þ

½L� lL�2pðL; tÞdL (13)

In Figure 4, we report, in decimal logarithmic scale, the
first available experimental data at time t1 and at the end of
each run at time tf (shown respectively with triangles and
squares) compared with the computed predictions (dashed
line for time t ¼ t1, and solid line at time t ¼ tf). In detail,
Figure 4a reports the comparison for the operating condition
LFR, Figure 4b reports the comparison for MFR, and Figure
4c reports the results observed for HFR.

The agreement between model and observations is rather
remarkable, demonstrating that the proposed model is able to
quantitatively capture the shape of the CSD. This is further
confirmed by the small values observed for the mean square
error s2 for all the experimental conditions, as reported in
Table 1.

Figure 5 shows the first moment experimentally observed
(square points) compared with the theoretical predictions
(solid line) for the three runs as a function of time. The
mean was calculated through Eq. 11. Obviously, there is a
coincidence between experiments and model at the first time
instant, in view of the choice of the initial condition. The
agreement is however rather good at each time and the FPE
model, driven by its deterministic part (the logistic growth
term), correctly describes the increasing trend of the average
crystal growth.

Figure 6 shows the variance r2LðtÞ experimentally observed
(square points) compared with the theoretical predictions
(solid line) for the three runs, as calculated through Eq. 12.
Once more, agreement between model and observations is
rather good also for the set of experiments. It is worth stress-
ing out that the variance prediction is rather crucial in crys-
tallization processes as the main focus is on obtaining the
least possible dispersion on the crystal size.

In Figure 7, we report the comparison of the model pre-
dictions against experimental data provided by a second
experimental run under the middle run, not used for the
calibration of the model. It can be seen that the model shows
remarkable accuracy when validated against experimental
data not used for the model calibration.

The parameter inference is further analyzed by exploiting
typical tools of the statistical inference. In more detail, the
asymptotic correlation matrix for the parameters and the
joint confidence regions for the linearized model can be

Figure 4. Comparison between model and the experi-
mental Particle size distributions at different
times for the three antisolvent feed-rates.

Triangles are the experimental observation at initial time,
t1¼ {17.2 min, 15.5 min, 7.0 min}, dashed lines are the cor-
responding model predictions; square points are the experi-
mental observations at final time t1 ¼ {240.0 min, 120.0
min, 60.0 min}, solid lines are the corresponding model pre-
dictions. Operating conditions: (a) LFR; (b) MFR; (c) HFR.
The crystal size is in the decimal logarithmic scale.

Figure 5. Mean of the Crystal Size Distributions for the
three feeding rates Square points are the ex-
perimental observation, solid lines are the
model predictions.
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addressed. Mathematical details for their determination can
be found elsewhere (e.g., Refs. 33–35).

Table 2 reports the asymptotic correlation matrix esti-
mated for the first experimental run. For sake of brevity the
results of only one run are shown. However, they do not

qualitatively change also for the other experimental condi-
tions. A relatively high correlation is observed only between
the parameters r and log(D). This is reasonable as these two
parameters are both related to the characteristic time of the
process, and some dependence between them is then
expected. On the other hand, the other parameters are not
significantly correlated, thus revealing that ill-conditioning in
the parameter inference is prevented, at least for the current
experiments.

The linear approximations of the joint confidence regions
in the parameter space are shown in Figure 8. As we have
three parameters to be estimated, the confidence regions will
lie in a 3-D parameter space and they will be defined by
three different confidence ellipsoids (for the three different
runs) as reported in Figure 8a. For sake of clarity also their
projections on the different parameter planes are reported in
the same Figure 8b–d.

As a first comment, it should be noted that the confidence
regions are relatively small, meaning that the parameters are
estimated with a small uncertainty. In addition, they do not
assume negative values, thus meaning that all of them are
statistically significant in the model.

The experiments at low and intermediate feed rates (LFR
and MFR) lead to really close values for the parameters,
also from a statistical point of view and a partial overlapping
of the confidence regions is observed. Roughly speaking, the
parameters of the phenomenological model do not change
significantly at small and intermediate feeding rates. This as-
pect could suggest that feeding rate conditions have a minor
impact on the growth dynamics at relatively low feed rates.
Conversely, at the highest feed run, the estimated parameters
are significantly different.

Global model development

The proposed Fokker-Planck-based model for the crystalli-
zation process does not have an explicit dependency of the
control input u (i.e. antisolvent flow rate), although this vari-
able does affect the process dynamics. To use the model
over the whole operational range a relationship between the
parameters h of the model and the antisolvent flow rate
needs to be established.

Consider our model, represented by Eqs. 5 and 6 corre-
sponding to a particular regime, ‘‘l’’ (as defined by the anti-
solvent flowrate condition). Then, the local model at ‘‘l’’ can
be expressed as:

glðy; hlÞ ¼ rly 1� y

Kl

� �� �
l ¼ 1:2:3 (14)

Figure 6. Variance of the Crystal Size Distributions for
the three feeding rates Square points are the
experimental observation, solid lines are the
model predictions.

Figure 7. Mean and variance of the Crystal Size Distri-
butions validation against experimental data
not used for the parameter inference and
here used for a-posteriori validation.

Square points are the mean experimental observation, trian-
gles are experimental variance observations, solid lines are
the model predictions.

Table 2. Asymptotic Correlation matrix for the Parameters
Estimated for the LFR Experiments

log(D) r K

log(D) 1.0 �0.7663 �0.3281
r 1.0 0.5192
K 1.0
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@twl þ @y rly 1� y

Kl

� �
w

� �
� Dl@yywl ¼ 0; l ¼ 1; 2; 3

(15)

Here, we have assumed three possible regions correspond-
ing to low, medium and high antisolvent flowrate. This local

model structure parameterized by the vector h is only valid
within a particular operating regime and may not be valid in
any other operating regime of the system. The local parame-
ters hl are obtained through model identification as described
earlier. The Figure 9 shows the dependency of the parame-
ters with the antisolvent flow-rate. The observed dependency
of the parameters on the antisolvent flowrate could be

Figure 8. Confidence ellipsoids for the parameter estimations (panel a) and their projections on the three different
planes: (b) log(D) vs r; (c) log(D) vs K; (d) r vs K. LFR: solid line, MFR: dashed-dotted line; HFR: dashed line.

Figure 9. Parameters of the model as a function of the antisolvent flow-rate.
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interpreted as the effect of the super-saturation (crystalliza-
tion driving force) promoted by the antisolvent. Increasing
the antisolvent flowrate (as reported in the literature) will
increase the super-saturation (crystallization driving force)
that in turn will increase the nucleation effects and the
growth of the crystals. The parameters of the phenomenolog-
ical model will reflect this situation since r and D are
increasing and K is decreasing.

In our formulation the functionality of the model with the
antisolvent flowrate is achieved by a piece-wise linear inter-
polation of the parameters for different antisolvent flow
rates. This functionality with the antisolvent flow rate allows
the merger of multiple set of parameters for different operat-
ing regimes to a single model in the all operating envelop.

Global model validation

This section focuses on the validation of the global model
performance to predict the evolution of the mean crystal size
when a desired antisolvent addition policy is implemented in
the reactor to achieve a given product characteristic.

An optimal antisolvent addition strategy previously pro-
posed in the literature5 is used to validate the performance
of the global model. The proposed strategy targets at obtain-
ing small mean crystal size thus maximizing nucleation. The
antisolvent addition policy used for validation of the global
model is depicted in Figure 10 and the corresponding simu-
lated evolutions of the CSD is shown in Figure 11.

The antisolvent addition policy starts at a high value of
the flow and it is reduced after 20 min with small variations
around a small final value. The corresponding crystal growth
rate is high and it quickly settles at the desirable low value.
The behavior is explained based on the fact that the high
concentration of antisolvent in the solution promotes nuclea-
tion and the formation of new crystals affecting the size
distribution and given a narrow distribution at steady-state
conditions.

As in the simulation stage, the antisolvent flow rate policy
given in Figure 10 was implemented experimentally for vali-
dation. Figure 12 illustrates the comparison between the pre-
dicted (using the global model obtained previously) and the
experimental values for the final value at the end the run.
From this Figure, it is possible noticing that the agreement
between the experimental and predicted CSD is rather good,
thus indicating that the above approach is a valid alternative
to first principle model.

Figure 10. Experimental antisolvent addition policy
used for validation.

Figure 11. Evolution of the simulated CSD for given
antisolvent feeding strategy and corre-
sponding iso-level plot.

Figure 12. End of the run experimental CSD and the
predicted by the global model.

Experimental results (circle) and model (solid lines).
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Conclusions

A stochastic phenomenological model for the description
of antisolvent mediated crystal growth processes is here
introduced. The size of each crystal is supposed to be sub-
jected to a GBM, and its evolution in time is independent
from the other crystals in the sample. A deterministic growth
term is added to the stochastic model and is expressed as a
simple logistic equation. The choice of this simple model is
motivated to the parsimonious number of adjustable parame-
ters to take into account. It is further assumed that these
model parameters depend on the feed rate conditions. With
this approach, the crystal size is a random variable, whose
probability density evolution in time can be described in
terms of a FPE.

The model is tested on data provided in a bench-scale
fed-batch crystallization unit where antisolvent is added to
speed-up the crystal formation process. The agreement
between experiments and model is quantitative. In detail, a
quantitative estimation of the dispersity (i.e. the variance of
the PDF) is also appreciated.

A thorough statistical analysis was carried out to quantify
the significance and the uncertainty of the estimated parame-
ters, showing that all the parameters affect the physics of the
process. This analysis has also given useful insights on the
changes in the process dynamics as the operating conditions
change.

The FPE formulation appears as a powerful predictive
tool, as confirmed by the good agreement also with experi-
ments not used in the model calibration procedure. The
approach seems eventually promising to be exploited also
for particle size control policies to determine the optimal
antisolvent feed rates strategies. It also worth stressing that
the proposed approach could be applied also that the cases
of crystallization induced by cooling and joint cooling/anti-
solvent crystallization operations.
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Notation

D ¼ FPE diffusivity, min�1

K ¼ equilibrium mean crystal size
L ¼ crystal size, lm
m ¼ number of experiments
n ¼ number of sampling points for the experimental CSD
p ¼ PDF in the linear scale
r ¼ crystal growth rate, min�1

s ¼ Mean square error
t ¼ time min
tf ¼ final time min
u ¼ external input
y ¼ crystal size in the logarithmic scale

Greek letters

d ¼ Dirac delta
g ¼ white noise, min�1

l ¼ mean of the PDF in the linear scale lm
r ¼ standard deviation of the PDF in the linear scale lm2

w ¼ probability density function in the logarithmic scale
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